Abstract. We consider the integrable one-dimensional spin-1 chain defined by the Zamolodchikov-Fateev (ZF) Hamiltonian. The latter is parametrized, analogously to the XXZ spin-1/2 model, by a continuous anisotropy parameter and at the isotropic point coincides with the well-known spin-1 Babujian-Takhtajan Hamiltonian. Following a procedure recently developed for the XXZ model, we explicitly construct a continuous family of quasi-local conserved operators for the periodic spin-1 ZF chain. Our construction is valid for a dense set of commensurate values of the anisotropy parameter in the gapless regime where the isotropic point is excluded. Using the Mazur inequality, we show that, as for the XXZ model, these quasi-local charges are enough to prove that the high-temperature spin Drude weight is non-vanishing in the thermodynamic limit, thus establishing ballistic spin transport at high temperature.
Introduction
The importance of conserved quantities in the study of physical systems can hardly be overemphasized. When they are present, they provide additional constraints on the problem under investigation, sometimes resulting in the possibility of an exact solution. A prominent example is given by one-dimensional quantum integrable models solvable by the Bethe ansatz method, where an algebraic construction is known to provide an infinite discrete set of local conserved operators (or conserved charges) [1] [2] [3] [4] [5] .
As a result of the recent tremendous experimental advances in the field of ultra-cold atoms [6] [7] [8] , integrable models are no longer considered only of pure mathematical interest as they can now be realized in cold atomic laboratories with a very good approximation. As a consequence, the past decade has witnessed a renewed theoretical effort to understand the physical implications of integrability [8, 9] . In particular, it was realized that conserved charges play a fundamental role in the absence of thermalization in isolated integrable systems, where the long time steady state cannot be described by a thermal canonical ensemble. Rather a generalized Gibbs ensemble (GGE), taking into account a complete set of integrals of motion, has been proposed [10] and a huge amount of studies have been devoted to prove or verify its validity (see also the review articles [8, 59] and references therein). The importance of the notion of locality of the conserved operators involved in the GGE construction has been first clarified in [23, 30] .
The physical relevance of local conserved charges was also realized before in connection with the problem of transport in one-dimensional quantum systems [60] [61] [62] [63] . In this framework a natural problem is the computation of the well known Drude weight D , which can be identified with the asymptotic value of the time-average of the current auto-correlation function [63] . A non-vanishing value of D signals dissipationless, or ballistic (as opposed to diffusive) transport. An important achievement has been the realization that in integrable systems the Drude weight can be bounded from below using the Mazur inequality [60, 61] involving once again the conserved operators.
However, for Bethe ansatz integrable systems, the application of the Mazur inequality using the known local charges might lead to a trivial vanishing bound for the Drude weight and an important case where this happens is provided by the spin Drude weight in the XXZ spin-1/2 chain with vanishing external magnetic field [63] . In fact, it can be shown that the local conserved operators, being even under spin inversion, give a vanishing contribution to the Mazur bound due to symmetry reasons (the spin-current being odd under this transformation). Understanding whether the spin Drude weight is zero or not at finite temperature in the XXZ model has indeed attracted a large body of literature in the past years [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] . In the gapless regime, excluding the isotropic point, numerical studies and Bethe ansatz calculations resulted in the general agreement that the finite temperature spin Drude weight is non zero [78] . Recently this was independently rigorously established by the discovery by Prosen of quasilocal conserved operators [79] . The latter have been subsequently studied in [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] , where the ideas and techniques of Ref. [79] have been extended and generalized (see also the recent work [90] ). The quasi-local operators found in these studies cannot be written as a sum over the chain of local densities acting on a finite number of neighboring sites (as it is the case for the previously known local conserved charges), but still exhibit properties that are typical of local operators, as we will discuss in the following sections.
The works [79] [80] [81] considered the XXZ chain with open boundary conditions where quasi-local charges have been first discovered. These constructions have then been generalized in [83, 84] for periodic boundary conditions, which are those of interest in our work. Crucially, these quasi-local conserved operators are not invariant under spin inversion and, combined with the Mazur inequality, yield a non-vanishing spin Drude weight. It is now important to mention that very recently a different set of quasi-local conserved operators has been constructed for the XXZ model in Refs. [86, 87, 89] ). These charges are even under spin inversion as the previously known local ones. Accordingly they give a vanishing contribution to the Mazur bound and are not immediately relevant for transport problems. However it has been unambiguously shown in [87] that in general they need to be included in the GGE construction in order to obtain the correct results for the long-time limit of local correlation functions.
From these discussions it is clear that the discovery of quasi-local charges in the XXZ model is far from being just a mathematical achievement, its physical consequences being immediate and far-reaching. For completeness, we mention that a systematic study of additional conservation laws and their physical implications has been performed for free fermionic XY spin chains in Refs. [40, [91] [92] [93] . Furthermore, quasi-local integrals of motions (with a different unrelated meaning of quasi-locality) have also been recently discussed for many-body localized systems [94] [95] [96] [97] and in quantum field theories [98] [99] [100] .
All of the constructions discussed so far have been developed in the prototypical XXZ spin-1/2 chain, while a natural question concerns higher spin generalizations. Here we consider the Zamolodchikov-Fateev (ZF) chain [101] , arguably the simplest integrable spin-1 model. Note that a straightforward generalization of the XXZ Hamiltonian, obtained by replacing spin-1/2 with spin-1 operators, results in a non-integrable model, even though its low energy physics is described by the integrable nonlinear O(3) σ-model. Transport properties of the non-integrable spin-1 chain and of its low energy effective theory have been studied in [102] [103] [104] [105] [106] .
It is well known that the ZF model can be constructed by a fusion procedure starting from the XXZ spin-1/2 chain [107] . Analogously to the latter, the ZF model is parametrized by a continuous anisotropy parameter and at the isotropic point coincides with the spin-1 Babujian-Takhtajan Hamiltonian [108, 109] . Following Refs. [83, 84] , in this work we explicitly construct quasi-local conserved charges which are not invariant under spin-inversion and we show that these establish a non-zero spin Drude weight at high temperature through the Mazur inequality. Our constructions are valid for periodic boundary conditions in the gapless regime of the ZF Hamiltonian and for a dense set of commensurate values of the anisotropy parameter, where the isotropic point is excluded. The behavior of the Mazur bound computed in this work suggests that the spin Drude weight in the ZF model is a non-monotonic function of the absolute value of the anisotropy parameter.
The rest of this manuscript is organized as follows. In section 2 we introduce the ZF Hamiltonian and review its derivation through the fusion procedure. We also introduce the algebraic tools needed in the following. In section 3 the explicit construction of quasi-local charges is presented, while section 4 is devoted to the computation of the Mazur bound for the spin Drude weight. Finally, conclusions are presented in section 5.
The spin-1 Zamolodchikov-Fateev model

The Hamiltonian and the algebraic Bethe ansatz
The Zamolodchikov-Fateev model [101] is defined as a spin-1 chain of N sites with periodic boundary conditions and Hamiltonian
where the indexes a, b in the second sum take the values x, y, z and where the coefficients A ab are defined by A ab (γ) = A ba (γ) and
The Hilbert space is H N = h 1 ⊗ . . . ⊗ h N , where h j C 3 is the local Hilbert space associated with spin j. The spin-1 operators s a j are given by the standard representation of the SU (2) generators, explicitly
In the following, we also define the local spin-1 basis as
Introducing the anisotropy parameter
the Hamiltonian (1) is well defined and Hermitian for ∆ ∈ R. As we will see in section 2.2, the corresponding spectrum is invariant under the transformation ∆ → −∆. The ZF model is gapless for −1 ≤ ∆ ≤ 1 (namely γ a real parameter) and gapped for |∆| > 1 (γ purely imaginary) [110, 111] . Throughout this paper we will always consider the gapless phase, namely γ ∈ R. We also introduce for further use the parameter
so that ∆ = (q + q 
namely it coincides with the well known SU (2)-invariant Babujian-Takhtajan Hamiltonian [108, 109] (see also Ref. [112] , where the corresponding dynamical structure factors were recently computed). The Hamiltonian (1) can be exactly diagonalized using Bethe ansatz and it is most conveniently studied using the algebraic Bethe ansatz (ABA) approach [4, 5] , which also allows one to construct local conserved operators as we now briefly review (we refer to [4, 5] for a more detailed treatment). The central object of the ABA construction is the R-matrix, an operator R ij (λ) acting on the tensor product of two local Hilbert spaces h i ⊗h j and depending on a spectral parameter λ. The R-matrix has to satisfy the Yang-Baxter equations
Given a R-matrix, following the prescription of ABA [4, 5] one introduces an auxiliary Hilbert space h 0 (along with the physical Hilbert spaces h j associated with the local spins) and the fundamental L-operators L 0j (λ) = R 0j (λ) acting on h 0 ⊗ h j , j = 1, . . . , N . The so called transfer matrix τ (λ) is then obtained as the partial trace over the auxiliary space of the product of L-operators along the chain
Using the Yang-Baxter equations (8), one can show that {τ (λ)} λ is a family of commuting operators, namely
The Hamiltonian H of the model corresponding to the initial R-matrix is then obtained, up to additive or multiplicative constants, by the logarithmic derivative in the spectral parameter of the transfer matrix τ (λ)
where λ * is a value which depends on the specific form of the R-matrix and which is chosen in such a way that the Hamiltonian H is local. Finally, it can be shown [4] that an infinite set of local conserved operators is obtained, up to multiplicative or additive constants, by higher derivatives
Locality here means that Q k is a translationally invariant operator that can be written as the sum along the chain of some density acting on k neighboring sites, namely
j a k-site supported operator acting as the identity on the rest of the chain. The R-matrix corresponding to the Hamiltonian (1), was first discovered by directly solving the Yang-Baxter equations (8) in [101] . It is, however, naturally obtained using the so called fusion procedure [107] , which is by now well known in the literature (see for example Ref. [113, 114] ). In the following we review the fusion procedure and explicitly exhibit the R-matrix of the ZF model.
The fusion procedure
The results reviewed in this section are naturally discussed within the representation theory of the quantum group U q (sl 2 ) [115, 116] . Here we present an elementary treatment, invoking the general theory only when necessary.
Our starting point is the R-matrix of the XXZ model which we write as
In the above equation and throughout all this work we use the conventional notation for the q-deformed numbers
where q is defined in (6) . The R-matrix (13) acts on the tensor product C 2 ⊗ C 2 . The idea of the fusion procedure is to construct iteratively a solution of the Yang-Baxter equation
, where the starting point is provided by R (
2 ) in (13). The R-matrix of the ZF model then will correspond to the operator
In the following, we introduce the graphical representation according to which the Rmatrix (13) can be represented as [1, 117] R (
The tensor product of two local spin-1/2 Hilbert spaces, associated with the spins labelled by α and β, can be decomposed into the sum of an antisymmetric spin-0 representation and a symmetric spin-1 representation, symbolically
αβ is the projector operator over the antisymmetric spin-0 representation (0) αβ . Now, the R-matrix R (
2 ) satisfies the Yang-Baxter equation
and choosing µ = −1 we see from (16) that the operator
leaves stable the symmetric spin-1 representation in the decomposition 23 . As a consequence, the operator in (17) defines a R-matrix acting on the tensor product
, which we represent graphically as
where the shaded ellipses mean that the tensor product of the local Hilbert spaces 2 and 3 is projected over the symmetric spin-1 representation. It is easily seen, for example graphically, that R ( ⊗ 1 3 leaves stable the symmetric representation (1) 12 . As before, this allows us to define the operator R (1,1) acting on the tensor product C 3 ⊗ C 3 , which in graphical notation is given by
In order to have a symmetric R-matrix of the spin-1 integrable chain, we then finally perform a local similarity transformation 
The R-matrix in (21) can be explicitly written down in the (ordered) basis
where it reads
where
and where as usual we have employed the square brackets notation defined in (14) . The operator (24) can be explicitly seen to satisfy the Yang-Baxter equation (8), and it corresponds to the R-matrix of the ZF model. In particular, using the R-matrix (24) one can construct the fundamental Lax operator L(λ) and the corresponding transfer matrix τ (λ) as explained in the previous section, cf. Eq. (9) . The Hamiltonian (1) is then obtained as
It is now important to notice a symmetry of the R-matrix (24) under the transformation ∆ → −∆, or equivalently
In fact, introducing for the moment the explicit dependence of R on γ, it is straightforward to verify
and
From (28), following the transfer matrix construction outlined in section 2.1, it is now straightforward to obtain
namely the spectrum of the Hamiltonian (1) is invariant under ∆ → −∆, as we mentioned in section 2.1.
Quasi-local conserved charges
So far we have reviewed the ABA construction of the ZF Hamiltonian and the local conserved charges. As in the XXZ spin-1/2 model, one can prove that the latter are all invariant under the spin-inversion transformation defined as
More explicitly, introducing the unitary operator
one can see that the transformation (32) is equivalent to
The invariance of all the known local conserved charges with respect to spin-inversion follows from
which can be proved analogously to the spin-1/2 case (see for example [84] ). To be more explicit, we can define the following matrix acting on the auxiliary space h 0
and verify directly that
where R 0j (λ) is given in (24) . Using now the definition (9), we have
where we have used the cyclic property of the trace. As we will see in section 4, Eq. (35) results in the fact that the local conserved charges provide a vanishing contribution to the Mazur bound.
In this section, we explicitly construct quasi-local conserved charges which are not invariant under the spin-inversion (32). As we already pointed out, we consider only the gapless regime, namely we choose γ to be a real parameter and −1 ≤ ∆ ≤ 1. Moreover, because of the symmetry discussed in the previous section, we can consider only the case 0 ≤ ∆ ≤ 1. Finally, we restrict to the (dense) set of values of ∆ that correspond to q being a root of unity. More precisely
with l, m coprime (we remind that q is defined in (6)). The condition 1 ≤ l < m/2 is equivalent to requiring 0 ≤ ∆ ≤ 1. Our derivation of quasi-local operators follows that of Refs. [83, 84] for the XXZ spin-1/2 model with periodic boundary conditions, where similar restrictions on the anisotropic parameter were assumed. Following the recent literature [83] , in this work we distinguish between the properties of pseudo-locality and quasi-locality. The former is identified with the notion of extensivity of the Hilbert-Schmidt (HS) norm. Explicitly, we say that an operator Q is pseudo-local if
d 0 being the dimension of the local Hilbert space (in our case d 0 = 3), and where the trace is taken over the whole Hilbert space (with dimension d N 0 ). The notion of quasi-locality is stronger than pseudo-locality and it also requires a decaying HS norm of the local densities with increasing support. More precisely, consider an operator Q written as
where q r is supported over the sites 1, . . . , r, while id N −r is the identity operator over the sites r + 1, . . . , N . Here P x is the translation operator defined by
We say that Q is quasi-local if there exist two positive real numbers ξ, κ > 0 s.t.
From the definitions above, it is easy to see that if Q is quasi-local it is also pseudo-local. The idea behind the construction of quasi-local conserved operators is similar, in spirit, to the one of the local charges previously outlined, the crucial difference being the use of non-fundamental (i.e. different to the R-matrix of the model) Lax operators to obtain a new transfer matrix commuting with the standard one. In particular, the auxiliary space, which we now denote with A, will not be in general isomorphic to the local Hilbert space associated with the physical spin. This idea was used in Refs. [83, 84] where these non-fundamental Lax operators were obtained from non-unitary representations of the quantum group U q (sl 2 ).
The R-matrix intertwining two arbitrary representations of U q (sl 2 ) can be obtained by the general theory of quantum groups [116] , from which one could derive the Lax operator for the spin-1 representation with a generic auxiliary representation A (which is the one needed in our case). As an alternative and more elementary derivation, in the following section we directly obtain the non-fundamental Lax operator by the fusion procedure previously described.
Non-fundamental Lax operators
We first recall that the quantum group U q (sl 2 ) is defined in terms of the three generators S z , S + , S − (not to be confused with the spin operators s α j in (3)), satisfying the commutation relations [83, 84, 115, 116] [S z , S ± ] = ±S ± ,
Note that in the limit q → 1 Eqs. (44), (45) recover the standard SU (2) commutation relations. When q is a root of unity, cf. Eq. (39) the representation theory of U q (sl 2 ) is richer than in the general case and additional irreducible representations exist. As in [83, 84] , here we are interested in the so called highest weight nilpotent representation [116] . The latter is defined on a linear space A m with dim A m = m (m is defined by q as in (39)), generated by the basis vectors {|0 , . . . , |m − 1 }. The action of the quantum group generators is defined by
where the notation (14) is employed as usual and where v is an arbitrary complex parameter. Note in particular that
The R-matrix intertwining between the auxiliary representation A m and the physical spin-1/2 representation is well known and defines the corresponding L-operator which can be written as
as it was directly exploited in Refs. [83, 84] . In the spin-1 case of interest for us, one can build the L-matrix acting on the tensor product A m ⊗ h j (where h j C 3 is the physical local Hilbert space) by the fusion procedure reviewed in the last section. Denoting the auxiliary representation A m by a thick horizontal line, we readily construct
where we have used the graphical notation introduced in the previous section. In order to be consistent with (21), we consider the Lax operator L(λ) obtained after a similarity transformation
where M is defined in (22) . Analogously to the spin-1/2 case (50), in the local spin basis {| ⇑ , |0 , | ⇓ }, one can then explicitly write down L(λ) as a 3 × 3 matrix L ij whose entries are operators acting on the auxiliary space A m . They are given by
where as usual we have employed the notation (14) . Introducing the 3 × 3 Kronecker matrices acting on the spin-1 physical space
the Lax operators is then rewritten as
where L a,b are defined in (53)- (61) . As a check, we explicitly verified that the Lax operator above satisfies the Yang-Baxter relations involving the R-matrix (24). More precisely, we have the following identity in pictorial form =
In complete analogy with the standard case, Eq. (9), one can define the new transfer matrix
where we dropped the subscript m in the notation A m for clarity. By repeated use of the relation in (64) (the so called "train argument") it is straightforward to see
As a consequence, τ A (λ) is a generator of conserved charges. However, they will be in general non-local. In the next section we show how a continuous family of quasi-local charges is obtained from τ A (λ) along the lines of [83, 84] .
Quasi-local charges
We now explicitly exhibit the family of quasi-local conserved charges obtained in this work. We stress again that our construction is valid in the gapless regime (where we restrict without loss of generality to 0 ≤ ∆ ≤ 1) and for q of the form (39) . The final result reads
where the sum is over all the sequences {a j } N j=1 , {b j } N j=1 with a j , b j = 1, 2, 3 and where
the operators L ab being defined in Eqs. (53)- (61) . The derivative in Eq. (67) is with respect to the parameter v defined by the Eqs. (46), (47) . Finally, the parameter λ takes value in the following subset of the complex plane
or more explicitly
where m and l are defined by (39) . For λ outside the domain (70) the operators (67) are still well-defined, they still commute with the Hamiltonian (1) but are no longer quasi-local. Our strategy to derive the charges (67) and prove their quasi-locality follows closely that of Ref. [83, 84] . Our starting point is the auxiliary transfer matrix (65) introduced in section 3.1 which can be easily rewritten as
where as before the sum is over all the sequences
with a j , b j = 1, 2, 3. Here and in the following we drop for convenience the subscript m in A m . Next, we define the following traceless operator
where we have dropped the explicit λ-dependence of the operators L ab and where we have introduced for future convenience a global rescaling, with ε(λ) defined as
Following [84] , it is instructive to compute the Hilbert-Schmidt norm of the operator I. We have
where we have introduced the matrices
acting respectively on A ⊗ A and on A. So far we have taken v to be a generic complex parameter. We now consider the particular value v = 0. As in the XXZ spin-1/2 case, this value is special since for v = 0 the state |r = 0 gets decoupled from the others in the auxiliary representation, cf. Eqs. (53)- (61) . Furthermore, we claim that for v = 0 the following properties hold:
(i) L A is a diagonal matrix in the auxiliary space. For all values of λ in the domain (70) , its eigenvalue with the largest absolute value is non-degenerate and equal to ε 1/2 (λ), where ε(λ) is defined in (73) . The corresponding eigenvector is |0 A .
(ii) The state |00 ≡ |0 ⊗ |0 is a right eigenvector of the non-symmetric matrix L AA , with eigenvalue |ε(λ)|. We write the corresponding left eigenvector as 00 L |, normalized such that 00 L |00 = 1. For the special value λ = m 2l
, it can be explicitly written as
(iii) In the domain (70), the eigenvalue |ε(λ)| of L AA corresponding to |00 is non-degenerate. Furthermore, it is the one with the strictly largest absolute value.
Properties (i) and (ii) can be checked analytically. Property (iii) is analogous to the condition discussed in the XXZ spin-1/2 chain [83, 84] , where a domain analogous to (70) has been found for the spectral parameter of the quasi-local conserved charges. This has been rigorously analyzed in the spin-1/2 case in [81] for open boundary conditions and in [83] for the periodic chain. Here we have verified condition (iii) numerically up to m = 10, 1 ≤ l ≤ (m − 1)/2, m, l coprimes, and a significant sample of values of λ. From property (iii) it is not difficult to see that, up to exponentially vanishing terms in N , one has
(see for example appendix C of [84] for an explicit proof). It follows that the Hilbert-Schmidt norm of I is exponentially vanishing in the limit N → ∞, cf. Eq. (74) , so that I is not a quasi-local operator.
In analogy with [83, 84] we then obtain an operator with linearly growing norm by deriving I(λ, v) with respect to the parameter v. Explicitly, we define
First, we note that the definition (80) is easily seen to coincide with (67) . For what we said in the previous section Q(λ) commutes with the transfer matrix (9) and thus with the Hamiltonian (1). Next, we show that its norm is extensive. We have
We now take the limit of large N . Applying (78), (79) and using the fact that |0 AA is an eigenvector of both L AA , cf. Eqs. (53)- (61), we obtain
where the dots indicate terms which are exponentially vanishing for large N . Using now the explicit expressions for the operators defined in (82) and (83) we see that the term proportional to (N − 1) in (84) vanishes and the final result reads
Specializing to λ = m 2l
, for which 00 L | is known, cf. (77), we obtain the explicit expression
Eqs. (85), (86) establish the pseudo-locality of Q(λ) as defined in (40) . The extensivity of the norm of Q(λ) obtained in (85) and (86) is a crucial requirement in order to have a nonvanishing Mazur bound for the spin Drude weight. This is discussed in the following section where we explicitly compute the Mazur bound using the charges (67).
As we already announced, the charges (67) not only are pseudo-local but also quasi-local, cf. the definition given by Eqs. (41), (43) . Since the physical relevance for high temperature transport of the charges (67) follows simply by their linearly growing norm (i.e. pseudolocality), the proof of their quasi-locality , which will not be used in the following, is reported in Appendix A.
We stress again that (85) is valid only for λ satisfying the condition (70) . Moreover, the derivation of this section is valid for 0 ≤ ∆ < 1, i.e. 1 ≤ l < (m − 1)/2 (where l, m are as in Eq. (39)). For −1 < ∆ < 0, namely (m − 1)/2 < l < m one has a similar derivation, even though some care must be taken. Indeed, in this case the domain (70) has to be modified and one obtains quasi-local charges for
This is the domain where the eigenvalue with the largest absolute value of the matrices L AA and L A coincides for (m − 1)/2 < l < m. Note that in this case the center of the strip in the complex plane described by (87) corresponds to Re(λ) = m/l and not m/2l. Accordingly, for −1 < ∆ < 0 one can obtain the analytical expression for the HS norm analogously to (86) for the special value λ = m/l.
Mazur bound for the spin Drude weight
We now discuss the consequences of the existence of the charges (67) on the transport properties of the ZF model. As in the XXZ spin-1/2 case, the properties of extensivity and the behavior under spin-inversion (32) play a crucial role in the following discussion.
As we already pointed out, the Hamiltonian (1) commutes with the global magnetization s 
Hereĥ j is the local density associated with the Hamiltonian (1), namelŷ
where the coefficients A ab (γ) are defined in (2), so that H = N j=1ĥ j . The spin-current operator is obtained by a comparison with the continuity equation for the local spin density s z j [63, 71] . Explicitly, we have
After a straightforward calculation, the spin-current operator in the ZF model then reads
Here s ± j are defined by s
Note that the operator J (1) has the same form as the current operator in the XXZ spin-1/2 chain, while J (2) and J (3) are additional contributions arising from the commutation between s z j and the quartic terms in (1). Also, note that J (1) , J (2) , J (3) are all odd under the spininversion (32).
In the framework of transport in one-dimensional quantum systems, the spin Drude weight at finite temperature T can be defined as the long-time average of the current-current correlation function [63] , namely
Here . . . T indicates the thermal expectation value. Within linear response theory, a nonvanishing Drude weight signals that an induced current is prevented from decaying to zero at large times and in this case transport is said to be ballistic (as opposed to diffuse). In general, the computation of the Drude weight (or even establishing whether it is vanishing or not) represents a very difficult task [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] . The Mazur inequality provides a way to establish a lower bound for D in terms of a set of commuting conservation laws {Q k } [60, 61, 63] . Explicitly, it reads
where {Q k } are a set of conserved operators that are orthogonal in the sense Q †
As we discussed in section 3, in the ZF model the local conserved charges derived from the transfer matrix (9) are even under the transformation (32) . As a result, they are orthogonal to the odd spin-current operator and give a vanishing contribution to the Mazur bound (97) . Instead, the quasi-local charges (67) are not even under (32) (as Eq. (37) does not hold when one chooses as auxiliary space the representation A m with general v). Along the lines of Refs. [83, 84] , where the spin-1/2 case was considered, we now show that the quasi-local operators constructed here provide a non-vanishing Mazur bound which we explicitly compute at high-temperature. As a result, we will establish high-temperature ballistic transport in the ZF model for −1 < ∆ < 1, ∆ = 0.
At high temperature, the Mazur inequality (97) for a single conserved operator Q(λ) can be written up to smaller corrections in O( (81), (104)- (106) and (107) . We see that for large system sizes the Mazur bound for λ = where . . . represents the infinite temperature expectation value as in (40) , namely
We now explicitly compute the r.h.s. of (98) . From here on we set λ = m/2l for which an explicit analytical expression for the Mazur bound can be obtained. Also, we will see that this choice maximizes the Mazur bound when only one quasi-local charge is considered. We need to compute
where J is defined in (91) and where I is given in (72) . From Eqs. (92)- (94) we see that each contribution J (k) is traceless and therefore the identity term in I does not contribute to the scalar product J (k) I . We are then left with
where L ab and L A are defined respectively in (53)- (61) and (76) . Introducing
we have
We now take the derivative with respect to v according to (100) . We then need to compute the general expression
where L ab , L
A are defined respectively in (68), (83) and where we used
Consider now the sum in (107) . First, note that comparing with Eqs. (104), (105), (106) A . Finally, from Eq. (79) we note that, up to exponentially small corrections in the large N limit, we can substitute the trace over A in the sum with the expectation value on |0 . Putting everything together we conclude that the sum in (107) is exponentially vanishing for large N . Using once again (79) we arrive at
which results in the following explicit formulas
We have now all the ingredients to write down the final result. First, we define
so that D ≥ D Q /4T , cf. (98) . Putting everything together, we arrive at an explicit analytical formula for the Mazur bound in the thermodynamic limit, when the latter is computed with a .
We report in Fig. 1 the comparison between the expression (114) and the Mazur bound for finite systems, as numerically computed from Eqs. (81), (104)- (106) and (107), at two different values of the spectral parameter. We see that for the special value λ = m/2l, within the domain (70), the numerical values for finite systems nicely approach the thermodynamic limit (114) . On the other hand, for λ outside the domain (70) the operator Q(λ) is no longer quasi-local and the Mazur bound approaches zero for N → ∞. We remind here that the analytical expression (114) is valid for 0 ≤ ∆ < 1 for the commensurate values of the anisotropy corresponding to (39) . One can perform an analogous treatment in the case −1 < ∆ ≤ 0, namely m/2 < l < m. As we discussed in section 3, the only difference would be the choice of the special point λ = m/l instead of λ = m/2l (see the discussion at the end of section 3). We explicitly checked that the Mazur bound obtained in this way is symmetric with respect to ∆ = 0.
The result (114) is plotted as a function of ∆ = cos πl m in Fig. 2 , from which a fractal structure clearly emerges, analogously to the XXZ spin-1/2 chain. Note that in this section, the Mazur bound has been evaluated for a single conserved charge Q(λ), the final expression (114) being valid for λ = m/2l. However, a non-vanishing Mazur bound is in general obtained also for λ satisfying condition (70), as we illustrated in Fig. 3 . We have verified that the Drude weight with a single conserved operator is maximized by the choice λ = m/2l. This is once again analogous to the XXZ spin-1/2 chain [83, 84] .
The continuous family of operators {Q(λ)} λ , with λ satisfying (70), can be used to raise the bound (114) as done in [81, 83] , where the sum in the r.h.s. of (97) was replaced by an integral over the spectral parameter. However, we claim that the improved Mazur bound would still be vanishing at ∆ = 0. Indeed, we explicitly checked that the contribution of Q(λ) is vanishing for all λ satisfying condition (70) at ∆ = 0. Thus, an integral over the spectral parameter would still yield a vanishing Mazur bound at ∆ = 0. In fact, as shown in Fig. 2 , the behavior of the latter evaluated for a single charge seems to suggest that the spin Drude weight D for the ZF model is non-monotonic as a function of the absolute value of the anisotropy parameter ∆ (even though no definite conclusion on this point can be drawn, the Mazur inequality only providing a lower bound for D). Finally, note that the Mazur bound is also vanishing at the isotropic point ∆ = 1, as for the spin-1/2 case.
Conclusions
In this work we have considered the simplest spin-1 integrable chain, the ZamolodchikovFateev model, which can be constructed by a fusion procedure starting from the XXZ spin-1/2 chain. In the gapless regime, for a dense set of values of the anisotropy parameter ∆, we have shown that the techniques of Refs. [83, 84] can be applied to explicitly exhibit a family of quasi-local conserved charges. The latter are independent of the local ones obtained by the previously known algebraic Bethe ansatz methods.
The quasi-local charges are obtained by a transfer matrix construction, where the auxiliary space is a non-unitary representation of the quantum group U q (sl 2 ). As a result, the quasi-local charges are not even under the spin inversion (32), thus providing a nonvanishing Drude weight through the Mazur bound inequality, in analogy with the XXZ spin-1/2 model [79, 81, 83, 84] .
We have found that the Mazur bound establishes a non-vanishing Drude weight, and hence ballistic transport, in the range −1 < ∆ < 1, with ∆ = 0. Furthermore, the behavior of the Mazur bound, evaluated using the most relevant quasi-local conserved charge, seems to suggest that the Drude weight in the ZF model is a non-monotonic function of the absolute value of the anisotropy ∆.
Recently, another type of conserved charges, which are even under the spin inversion (32), have been discovered in the XXZ spin-1/2 model [86, 87, 89] . For these charges the independence with known local conserved operators does not easily follow from symmetry reasons and a more sophisticated technical treatment is required [86] . While they give a vanishing contribution to the Mazur bound, and are thus not immediately relevant for transport problems, they were shown to have direct impact on the relaxation dynamics of isolated integrable quantum systems [87, 89] , in particular for the GGE construction. A central piece of these recent investigations has been the computation of expectation values of these charges on the eigenstates of the system [87, 89] . We expect that these constructions can be formally generalized to the spin-1 case considered in our work.
Finally, we mention that quasi-local conserved operators have also been discussed in the framework of quantum field theories [98] [99] [100] . In particular, pseudo-local charges were studied in the free Klein-Gordon model in Ref. [98] , where their implications on energy transport were investigated. In Ref. [99] quasi-local conserved charges with a different notion of quasi-locality were explicitly obtained in operatorial form in the free Majorana fermion theory and their relevance for the GGE was analysed. It is still unclear whether quasi-local conserved operators similar to those discussed so far can be derived for interacting field theories and models defined on the continuum. This problem is particularly relevant for models displaying particle bound states, such as the sine-Gordon field theory or the attractive Lieb-Liniger gas [49, 51, 118, 119] . It would be extremely interesting to gain more insights into these issues in future studies.
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In section 3 we proved the pseudo-locality of the conserved charges (67) derived in this work. As it is clear from our discussion in section 4, this is enough to show their relevance for high temperature transport. However, the stronger property of quasi-locality, as defined by Eqs. (41) , (43) holds for the charges (67) . In this appendix we sketch the proof of this statement.
First, it is useful to define the following set of 3×3 matrices acting on the physical spin-1 local space Here, we have defined where id N −r is the identity operator over the sites r + 1, . . . , N and P x is the translation operator (42) . The density q r (λ), which is supported over the sites 1, . . . , r, is given for r ≥ 2 by q r (λ) = is exponentially vanishing with the size N of the system, and it is thus a remainder that vanishes in the large N limit. This remainder is analogous to that appearing in the quasi-local charges derived in the spin-1/2 case in Ref. [83] . Putting everything together, we obtain that the charges (67) are indeed quasi-local according to the definition encoded in Eqs. (41) , (43) .
